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Abstract
In this paper we extend some previous results for a new proposal
for gravity and place them into overall context. The basic fields of this
proposal provide an off-shell realization of symmetry with respect to
SO(3,C) gauge transformations and general coordinate transformations
of 4-dimensional spacetime.
1
1 Introduction
In this paper we review and extend some results concerning a proposal
for a new description of gravity named the instanton representation of
Plebanski gravity. We have approached this description from the standpoint
of general covariance as an alternative to the standard canonical approach
to general relativity. We place the results obtained thus far into their
overall context, with a view to addressal of the quantum theory in future
works. The main idea is that a theory of four dimensional gravity should
exhibit invariance under gauge transformations and general coordinate
transformations, an invariance which should manifestly be preserved under
the canonical formalism. The organization of this paper is as follows. First
we recount the main results of [1] and [2], setting the stage for the present
paper. In section 2 we extend the relevant symmetry group from gauge
transformations and spatial diffeomoprhisms to include the full spacetime
general coordinate transformations. In conjunction we demonstrate the
consistency of this by off-shell closure of the algebra on all of the basic fields
of the theory. In section 3 we recount the relation to general relativity, and
in section 4 we provide a conclusion.
1.1 Setting the stage
Let M be a four-dimensional spacetime manifold. The set of general
coordinate transformations
xµ → x′µ = xµ + ξµ(x), (1)
referred to as Diff(M), induces the following Lie algebra between any two
smooth vector fields ξ, ζ ∈ C∞(M), given by[
ξµ∂µ, ζ
ν∂ν
]
=
(
ξµ∂µζ
ν − ζµ∂µξν
)
∂ν . (2)
We would like to propose a theory of gravity invariant under (1). The
basic fields of the associated action IInst should provide a realization of
(2) independently of any equations of motion or canonical structure, and
should thus constitute an off-shell realization. For the basic fields we will
use a SO(3, C) gauge connection Aaµ and a 3 by 3 matrix Ψae taking its
1
values in two copies of SO(3, C).1 The proposed action is given by
IInst =
∫
dt
∫
Σ
d3x
(
ΨaeB
i
eA˙
a
i +A
a
0B
i
eDiΨae
+ǫijkN
iBjaB
k
eΨae − iN(detB)1/2
√
detΨ
(
Λ+ trΨ−1
))
, (3)
where Σ represents 3-dimensional spatial hypersurfaces which foliate
spacetime into M = Σ×R. We have defined Bia = 12ǫijkF ajk as the magnetic
field of Aai , which is the spatial part of A
a
µ. This constitutes the spatial part
of the curvature of Aaµ, given by
F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµAcν (4)
where fabc = ǫabc are the SO(3, C) structure constants.
In addition to being invariant under (1), the proposed theory should
be invariant also under SO(3, C) gauge transformations. Define SO(3, C) ∗
Diff as the set of all spacetime general coordinate transformations and
SO(3, C) gauge transformations continuously connected to the identity.
Under an infinitesimal SO(3, C) gauge transformation δ~η, the connection
Aaµ transforms as [3]
δ~ηA
a
µ = −Dµηa = −∂µηa − fabcAbµηc, (5)
where fabc = ǫabc are the SO(3, C) structure constants. Under infinitesimal
spacetime diffeomorphisms δξ, the connection A
a
µ transforms according to
the Lie derivative
δξA
a
µ = ξ
ν∂νA
a
µ + (∂µξ
ν)Aaν . (6)
It has been shown in [1] that SO(3, C) ∗Diff forms a Lie algebra, which
closes on the field Aaµ[
δ~θ, δ~η
]
Aaµ = −δ~θ×~ηA
a
µ;
[
δξ , δ~η
]
Aaµ = −δ(δξ ,~η)Aaµ;
[
δξ, δζ
]
Aaµ = −δ[ξ,ζ]Aaµ. (7)
For the field Ψae only the spatial part of the algebra, SO(3, C) ∗ diff ⊂
SO(3, C) ∗Diff , has been shown to close in [1].
In this paper we will extend the algebra on Ψae to include the temporal
parts of (1). Recall from [1] that Ψae has been shown to form an off-shell
realization of the SO(3, C) part of the algebra. Hence to extend this to
SO(3, C) ∗Diff it suffices to show that the algebra (2) closes on Ψae, and
in addition forms a Lie algebra with SO(3, C) which also closes on Ψae.
1For index conventions, the Latin symbols a, b, c, . . . will assume values 1− 3 and will
refer to internal SO(3, C) indices, and the Greek symbols µ, ν, . . . taking values 0− 3 will
refer to spacetime indices.
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The transformation of Ψae under an infinitesimal SO(3, C) transformations
parametrized by a SO(3, C)-valued 3-vector is given by [1]
δ~ηΨae = f
bf
aecΨbfη
c, (8)
where we have defined
f bfaec = fabcδef + fefcδab. (9)
As mentioned, in [1] we have established δ ~NΨae = N
i∂iΨae + (∂iN
i)Ψae for
any spatial 3-vector N i.2 In the present paper we will extend this to include
the temporal transformations, thus extending this to
δξΨae = ξ
σ∂σΨae (10)
for any 4-vector ξσ.
2 Extension of transformation properties
In order to proceed, we must show two things, namely (i) that
transformations (10) form a closed algebra on Ψae. This is guaranteed,
since (2) is an identity when acting on any coordinate scalar. The field Ψae
is a coordinate scalar since it does not have any spacetime indices. Hence it
suffices to act on Ψae with both sides of (2) in order to see that this is the
case. (ii) We must show that (1) and the transformations (8) close on Ψae,
which entails finding the commutator of the two transformations[
δξ, δ~η
]
Ψae = δξ(δ~ηΨae)− δ~η(δξΨae) = δξ(f bfaecΨbfηc)− δ~η(ξσ∂σΨae) (11)
where we have used (8) and (10). Proceeding from (11), and using the fact
that the variations act on the fields, we have
f bfaec(δξΨbf )η
c − ξσ∂σ(δ~ηΨae)
= f bfaec(ξ
σ∂σΨbf )η
c − ξσ∂σ(f bfaecΨbfηc)
= −f bfaecΨbf (ξσ∂σηc) = −f bfaecΨbf (Lξηc), (12)
where Lξη
c = ξσ∂ση
c ≡ δξηc is the Lie derivative of ηc along the vector field
generating the flow ξσ. The result is that[
δξ , δ~η
]
Ψae = −δδξ~ηΨae. (13)
2This is an error which we will correct in the present paper. The transformation should
be given by δ ~NΨae = N
i∂iΨae, which signifies that Ψae transforms as a scalar as opposed
to a scalar density of weight one. This correction does not affect the final results or
conclusions in [1].
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The result is that the algebra (7) extends to the field Ψae. Let us rewrite
the algebra for completeness[
δ~θ, δ~η
]
Aaµ = −δ~θ×~ηA
a
µ;
[
δ~θ, δ~η
]
Ψae = −δ~θ×~ηΨae[
δξ, δ~η
]
Aaµ = −δδLξ~ηA
a
µ;
[
δξ, δ~η
]
Ψae = −δLξ~ηΨae[
δξ, δζ
]
Aaµ = −δ[ξ,ζ]Aaµ;
[
δξ, δζ
]
Ψae = −δ[ξ,ζ]Ψae. (14)
The significance of this result is that the purely temporal part of the algebra
of (2) forms a subalgebra with respect to the field Ψae in addition to A
a
µ.
Another interesting relation arising from this result is that one can, using
Ψae and A
a
µ, construct a quantity Σ
a
µν antisymmetric in µ and ν given by
Σaµν = ΨaeF
e
µν . (15)
The transformation properties of Aaµ under (1) imply the the following
transformation properties for the curvature F aµν as derived in Appendix A
δξF
a
µν = ξ
σ∂σF
a
µν + (∂µξ
σ)F aσν + (∂νξ
σ)F aµσ . (16)
Application of the Liebniz rule to (15) yields
δξΣ
a
µν = (δξΨae)F
e
µν +ΨaeδξF
e
µν . (17)
Substitution of (16) and (10) into (17) yields the following transformation
property of Σaµν
δξΣ
a
µν = ξ
σ∂σΣ
a
µν + (∂µξ
σ)Σaσν + (∂νξ
σ)Σaµσ , (18)
which is consistent with what one expects of a second-rank tensor. The
spatial restriction of (15) is given by
σ˜ia = ΨaeB
i
e (19)
where σ˜ia =
1
2ǫ
ijkΣajk which plays the role of a densitized triad in the Ashtekar
formulation of general relativity [4].
3 Relation to general relativity
The Hamiltonian constraint in the canonical treatment of general relativity
is the generator of temporal evolution. Our proposition is that for (3), this
should provide a canonical realization of the temporal part of (2). The
Hamiltonian constraint can be read off directly from (3) as
H[N ] =
∫
Σ
d3xN(detB)1/2
√
Ψ
(
Λ+ trΨ−1
)
. (20)
4
Evidence for the validity of this proposition is provided in [2] using a reduced
version of (3), where it is shown that the Hamiltonian constraint forms a
closed algebra [
H[N ],H[M ]
]
= H
[
qi(M∂iN −N∂iM)
]
(21)
for phase space structure functions qi = qi(Ψae, A
a
i ). This is in contrast to
the Teitelboim algebra of Hamiltonian constraints [5][
H[N ],H[M ]
]
= Hi
[
qij(M∂jN −N∂jM)
]
(22)
for structure functions qij, where Hi is the diffeomorphism constraint. The
difference is that (22) does not close on the Hamiltonian constraint, which
implies that a theory of gravity based just on the Hamiltonian constraint
cannot be Dirac-consistent except in minisuperspace. However, the action
producing (21) can be obtained from
I =
∫
dt
∫
Σ
d3x
(
λ1a2a3a˙1 + λ2a3a1a˙2 + λ3a1a2a˙3
−iN(detb)1/2
√
λ1λ2λ3
(
Λ+
1
λ1
+
1
λ2
+
1
λ3
)
(23)
via a simple transformation. Note that (23) can be seen as (3) restricted to
Aai = diag(a1, a2, a3) and Ψae = diag(a1, a2, a3), with the Gauss’ law and
diffeomorphism constraints removed by hand. As shown in [2]), this action
is based only on the Hamiltonian constraint and is Dirac-consistent while
having two degrees of freedom per point. Additionally, the action (23) is
not a minisuperspace action since it has spatial derivatives in (detb), where
bia is the magnetic field of the diagonal connection A
a
i .
4 Conclusion
In this paper we have shown that certain fields Ψae, A
a
µ provide an off-
shell realization of the Lie algebra of general coordinate and SO(3, C) gauge
transformations SO(3, C)∗Diff . We have provided a proposal for an action
for general relativity IInst based on these fields. We have shown in [2] that
a reduced form of the action directly obtainable from (23) preserves the
subalgebra of temporal transformations, in the sense that two Hamiltonian
constraints Poisson-commute into a Hamiltonian constraint. The action (23)
can be obtained from (3) by hand,3 which on first sight brings into question
its relevance to general relativity. However, it is related to general relativity
in at least two respects: (i) The theory (23) uses the same Hamiltonian
3A main direction of future research should be to determine whether (23) is some sort of
reduced phase space version of (3). At the present stage, this has not yet been conclusively
demonstrated.
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constraint appearing in GR. (ii) It is a Dirac consistent theory as shown in
[2], and has two degrees of freedom per point on its reduced phase space.4
5 Appendix A
Given (4) and (6), we will prove (16). First we have the relation
δξF
a
µν = ∂µ(δξA
a
ν)− ∂ν(δξAaµ) + fabc(δξAbµ) + fabcAbµ(δξAcν). (24)
Substituting (6) into (24), we have
δξF
a
µν = ∂µ
(
ξσ∂σA
a
ν +A
a
σ(∂νξ
σ)
)
= ∂ν
(
ξσ∂σA
a
µ +A
a
σ(∂µξ
σ)
)
+fabc
(
ξσ∂σA
b
µ +A
b
σ(∂µξ
σ)
)
Acν + f
abcAbµ
(
ξσ∂σA
c
ν +A
c
σ(∂νξ
σ)
)
. (25)
Expanding the partial derivatives in (25) we have
ξσ∂µ∂σA
a
ν + (∂µξ
σ)(∂σA
a
ν) + (∂µA
a
σ)(∂νξ
σ) +Aaσ(∂µ∂νξ
σ)
−ξσ∂ν∂σAaµ − (∂νξσ)(∂σAaµ)− (∂νAaσ)(∂µξσ)−Aaσ∂ν∂µξσ
+fabcξσ(∂σA
b
µ)A
c
ν + f
abcAbσ(∂µξ
σ)Acν + f
abcAbµξ
σ(∂σA
c
ν) + f
abcAbµA
c
σ(∂νξ
σ).(26)
The terms involving fabc can be combined using the Liebniz rule, and
rearranging terms, (26) simplifies to
δξF
a
µν = ξ
σ∂σ
(
∂µA
a
ν − ∂νAaµ + fabcAbµAcν
)
+(∂µξ
σ)
(
∂σA
a
ν − ∂νAaσ + fabcAbσAcν
)
+ (∂νξ
σ)
(
∂µA
a
σ − ∂σAaµ + fabcAbµAcσ
)
= ξσ∂σF
a
µν + (∂µξ
σ)F aσν + (∂νξ
σ)F aµσ .(27)
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